We reduce the cosmological model of extended in ation to a spatially at RobertsonWalker geometry driven by a self-interacting scalar eld with a potential of an exponential type. We quantize the gauge invariant scalar perturbations of the metric and the eld, and compute the spectrum of the energy density uctuations.
The model
In the cosmological model of extended in ation 1 gravity is minimally coupled to an in aton , with potential V i ( ), in the framework of a Jordan-Brans-Dicke theory. 2 The action of the system is see e.g. Ref We use Planck units where 8 G = c = h = 1; g is the metric tensor in the \Jordan frame", 19;26 g its determinant, R the curvature scalar. The Brans-Dicke eld couples to the curvature so as to yield the possibility of a variable gravitational \constant" and ! is a free parameter. In the standard Brans-Dicke theory the potential V BD ( ) is zero, and Einstein's general relativity is recovered when ! ! 1; current time-delay experiments 4 then constrain ! to be > 500.
As shown in Ref. (Note however that in this \Einstein frame" 19;26 the matter eld is non-minimally coupled to gravity. ) If, in an early phase of the evolution of the universe, the in aton was trapped into a metastable \false vacuum" state = 0, then, in the model (1.1) (1.3) of that phase, the kinetic term for can be ignored and V i ( ) taken to be a constant: V i (0) V f . In the original version of extended in ation, 1 where the potential V BD is set equal to zero, the action (1.1) (1.3) then reduces to that of the Brans-Dicke theory with a cosmological constant equal to V f , or, equivalently, to that of Einstein's gravity, minimally coupled to a scalar eld ' with the exponential potential V f e ?2'=' 0 . In Ref. 6-7 and 14 it was shown that if ' 0 > p 2, that is if ! > 1 2 , most Robertson-Walker solutions of the corresponding eld equations have a spatial curvature which vanishes asymptotically, and that the scale factor of the spatially at attractors grows as a power of cosmic time. As shown in Ref.
1 and 8 this power-law in ation 9 ensures that the phase transition of the in aton to its stable \true vacuum" state = t (with V i ( t ) V t ) can be completed through bubble nucleation, in contrast to old in ation 10 where an exponential growth of the scale factor, su cient to solve e.g. the horizon problem, prevents the bubbles from percolating. 10;11 This model with V BD = 0 proved however to be insatisfactory: 13;14 the bubbles formed during the phase transition do not collide and thermalize fast enough, and hence spoil the observed isotropy of the microwave background radiation, just as in old in ation, 12 unless ! is < 25 (, ' 0 < 5), a value which is incompatible with the experimental constraint on ! (! > 500) when V BD = 0. An (ad hoc) way to cure the problem is to assume that V BD is not zero and has a stable minimum, V BD V GR , at = 1(, ' = 0), and that settled there sometime in the past. 13;14 In this way the constraint on ! is relaxed, since this modi ed Brans-Dicke theory would, today, be equivalent to general relativity.
If the Brans-Dicke eld settles to its general relativity value = 1 before the in aton has tunnelled to its true vacuum state, a phase of exponential expansion occurs before the transition, since the theory is then equivalent to pure general relativity with a cosmological constant (equal to V f + V GR ), and the bubbles, as in old in ation, will not percolate.
1;14
The Brans-Dicke eld must therefore settle after the phase transition (or, more unlikely, concomitantly), yielding the following scenario: in an initial phase of power-law in ation, the in aton is trapped in the false vacuum V i (0) V f and V BD 0; the phase transition then occurs: ! t and V i ( ) ! V t , and the bubbles of true vacuum percolate and thermalize; when the transition is completed, the Brans-Dicke eld settles to its general relativity value = 1. A \graceful exit" to the standard hot Big-Bang imposes that no e ective cosmological constant be present, that is V t + V GR = 0.
A rst issue in this scenario, which, as far as we know, still begs for an answer, is: when does reheating occur? As in old in ation, the collision of the bubbles should generate a hot uid of radiation. 44 This radiation will dominate the subsequent evolution of the universe if, and as long as, its energy density is larger than the energy density stored in the true vacuum state of the in aton (V t ) and the Brans-Dicke eld. If the settling of the BransDicke eld occurs in such a radiation dominated phase, it need not be described in detail, and the standard hot Big-Bang scenario resumes soon after the phase transition. If, on the other hand, the radiation produced by the bubble collisions is negligible or outgrown once more by the potential energy (now equal to V t + V BD ), a second period of power-law in ation occurs, after the phase transition. In that case reheating really happens when the Brans-Dicke eld oscillates before settling, as in new or chaotic in ation (cf e.g. Ref.
15-16 and references therein).
Another issue is: when and how are the seeds for galaxy formation produced? In the period of power-law in ation when the in aton is in its false vacuum state and V BD 0, density uctuations grow from the quantum uctuations of the in aton, as in new or chaotic in ation, 17;18 and also, a priori, from quantum uctuations of the Brans-Dicke eld. They will continue to grow if a second period of power-law in ation occurs after the transition, when the in aton is trapped in its true vacuum and the Brans-Dicke eld \rolls" towards its minimum. The percolation, collision and thermalization of the bubbles produce inhomogeneities as well, but the problem of computing the resulting spectrum of the energy density uctuations is, as far as we are aware, unsolved. Finally the reheating caused by the oscillations of the Brans-Dicke eld around its minimum should create inhomogeneities of again another type, which have not yet been studied.
In the analyses of the growth of perturbations in extended in ation made so far, 19;20;45 the inhomogeneities of the last type are ignored and it is argued 19 that if the bubbles are constrained to spare the isotropy of the microwave background (i.e. if ! < 25), they cannot by the same token be of cosmological interest, unless some ne-tuning is invoked: hence density uctuations must mainly arise from the quantum uctuations of the elds.
Moreover, since the in aton is con ned to a passive rôle, merely transiting from one state to another, its dynamics are presumably irrelevant; the argument here 19 is that the quantum uctuations of are highly suppressed because its e ective mass ( V 1=4 f 1) is much larger than the Hawking-Gibbons temperature; (this however may not be true at the beginning of in ation, as the time dependence of the e ective gravitational constant, G eff e ?'=' 0 , causes the Hawking-Gibbons temperature, H (G eff V f ) 1=2 , to be bigger than its general relativity value V 1=2 f ; for an analysis of this e ect see Ref. 46) . In this paper we shall simplify the problem even further and ignore the phase transition altogether: not only shall we assume that the transition leaves the universe homogeneous and isotropic on cosmic scales, as in Ref. 19, 29, 45 , but also that it does not perturb its evolution, i.e. that V f V t (recall that in the context considered here, V t need not be zero, only V t + V GR has to); nally we assume that reheating is due to the late stage oscillations of the Brans-Dicke eld. (All these assumptions are in fact implicit in Ref. 19, 20 and 45.) In this model, extended in ation therefore boils down to chaotic in ation 21 where the action for the system is:
( 1:4) with an e ective potential V (') (V i + V BD )e ?2'=' 0 ; V i = Const:, which grows exponentially when ' ! ?1, and has a zero minimum at ' = 0. In Ref. 19, 20 and 45, V i V f , and all that happens after the phase transition is ignored; here we ignore the phase transition explicitly and V i V t V f . Moreover, whenever we have to be speci c, we shall choose: ; (1:6) as in the simplest model of chaotic in ation. Hence this potential can yield cosmological solutions exhibiting a period of power-law in ation (when ' starts large and negative), ending in a phase (when ' 0) when the scale factor behaves as in a dust dominated era. (1:7)
The fact that V BD depends on V i , a parameter which characterizes the a priori independent eld , re ects the need for a ne-tuning to ensure that in the late stage (' 0), the e ective cosmological constant be zero.
We recall for completeness that the potential (1.5) with = 1 can also appear in the context of Kaluza-Klein theories, but does not yield power-law in ation, as ' 0 is then less than p 2. 6;26 Indeed the action of general relativity with a cosmological constant, in a (n + 4) dimensional space-time compacti ed onto a n-sphere, is equivalent to (1.4) see e.g. Ref. 24] , with a potential of the form (1.5), if some ad hoc ne-tuning is allowed to ensure a zero minimum (see e.g. Ref. 25 for an example of such a prescription). The parameters ! (or ' 0 ) and are then related to the dimension n of the internal space by: ! = n?6 2(n+2) and = 2 n+2 . Now since n > 0, ! must be less than 1 2 () ' 0 < p 2), and the spatial curvature of the Robertson-Walker solutions with ' large and negative does not vanish asymptotically. The spatially at solutions which in ate according to a power law are therefore not attractors. In these Kaluza-Klein models then, the evolution must start with large positive ', where the potential is almost constant, yielding exponential in ation. Our analysis, where ' will start large and negative, will therefore not apply to that case.
It will not apply either when the potential (1.5) arises from the higher derivative theory of gravity where the Lagrangian R is replaced by R + R 2 =8V i . The action for such a theory is indeed equivalent to (1.4), with a potential given by (1.5) where = 1, ! = 0 and = 1 2 .
27;28
However, here again, only the spatially at Robertson-Walker solutions in ating exponentially are attractors of the non at solutions. Moreover, since ! = 0, this model cannot be interpreted as a Brans-Dicke theory.
Notwithstanding all these restrictions, we shall brie y analyze in section 2 the inationary background solution of the model (1.4-5) and study, in section 3, the classical evolution of the scalar gauge invariant perturbations. In section 4 we shall quantize them and compute the spectrum of the energy density uctuations, following closely Ref. [29] [30] [31] [32] . As we shall see, the result does not depend crucially on the precise form assumed by V ('), as long as it behaves as exp(?2'=' 0 ) for large negative ', and as 
The background solution
We consider the system with action (1. A dot denotes di erentiation with respect to cosmic time, a prime will denote di erentiation with respect to conformal time, and H _ a=a is the Hubble \constant". A useful relation follows from (2. Note that (2.4) and (2.5) would be exact solutions for an exactly exponential potential. Since ' 0 > p 2 the growth of the scale factor is characteristic of power-law in ation. 9 After this initial phase, the trajectories spiral towards the origin of the phase plane, where V (') is given by (1.6), and the solutions, for large t, tend to: which scales like ' 0 for generic values of and . The aws of the standard hot Big-Bang model (horizon, atness problems etc) are cured if the scale factor increases by a factor ln Z > 65 during the in ationary stage. 10 Given that in ation ends at a time given by (2.7) and that the scale factor grows according to (2.4) it follows that in ation must start at: t in t e Z ?2=' 
In the model considered here reheating is supposed to happen during the phase (2.6), when, with the input of additional physics, the Brans-Dicke eld converts into ordinary matter, and forces the universe into a radiation era, H ' 1=2t (see e.g. Ref. [15] [16] . Since after recombination the universe will again evolve as if dominated by dust we shall ignore, for simplicity, this transitory radiation era and assume that the behaviour (2.6) holds ever after the transition (2.7). In our derivation of (3.12-14) we have assumed that during in ation equation (3.7) is both rst dominated by the k 2 term (so that we can specify the initial conditions in terms of k and k ) and later by the 1= 2 term (so that the decaying solution can be neglected with respect to the constant one). This will be true for a range of wavelengths such that t in < t trans < t e . In order to see that all the modes of cosmological interest belong to that range, we introduce the physical wavelength phys a(t now ) , with 1=k, which is the size the mode would have today. To compute a(t now ) we use the fact that the temperature T of the radiation present in the universe is such that aT = Const together with the observation that T now ' 3 K and the hypothesis that the universe was reheated to a temperature T e ' 10 28 K at the end of in ation. Given that in ation ended at a time given by (2.8) and that a(t) grows according to (2.4), the condition t in < t trans < t e therefore reads: . This means that the formulae (3.12-14) are valid for all structures of cosmological relevance (from galaxy to obs:univ: ) if ' 0 is in the range: ' 0 = p 2 > obs:univ: =Z hc and ' 0 = p 2 < galaxy = hc . The rst condition is satis ed as soon as ' 0 is of order 1. The second is satis ed unless ' 0 is very big, in which case the linear approximation is probably no longer valid; moreover we assumed ' 0 < 5.
Let us nevertheless consider the case ' 0 = p 2 > phys = hc , that is the limit ' 0 ! 1, to see how the general relativity limit is recovered in this model. In that case t trans > t e and Y k oscillates according to (3.9) during the whole in ationary era. However we still have that t in < t hc < t e . Indeed this condition reads: hc < phys < hc Z which is satis ed for all scales of cosmological relevance. Therefore, although Y k is now given by (3.9) 8t < t e , we have that it is frozen after t hc at the value ( k + k )= p 2k 3 . As for k (see (3.7)), it is also frozen after t hc , because t in t hc t e t trans when ' 0 is large. (That t in t e can be seen from (2.8); that t hc t e follows from the inequality t in < t hc < t e , and also from rewriting (3.10) as: t hc ' 2T e =(' (3.11) ) similarly, we see that it also tends to t e (from above, as we are in the case t trans > t e ). The fact that in the limit ' 0 ! 1 all these times coalesce to t GR (' We therefore see that a structure of size phys measured today (from the size of a galaxy to that of the observable universe) has evolved from a uctuation in the gravitational potential which, at the end of in ation, had the amplitude: 1) given by (3.12-14) if ' 0 = p 2 < phys = hc , with hc 10 m (a formula which therefore applies for all structures as long as ' 0 = p 2 < galaxy = hc , which is certainly the case if ' 0 < 5); 2) given by (3.12 bis) otherwise. Hence, for a given phys , the uctuation in the gravitational potential k grows linearly in ' 0 as long as ' 0 = p 2 < phys = hc , and then decreases as 1=' 0 and tends to zero, in agreement with the fact that in a strictly de Sitter background the perturbations of the scalar eld trapped in a false vacuum do not produce uctuations in the metric; (although this cannot be seen from (3.2) which is not valid when _ ' = 0, it follows straightforwadly from the evolution equations given in e.g. Ref. 29 ).
c. The late time stage
In the late time stage the background evolves according to (2.6) and V (') is given by (1.6). Since _ ' regularly goes through zero, we rst rewrite the evolution equation (3.2) for that phase in the well-behaved form: 
d. The ampli cation factor
In order to relate the nal amplitude (3.19) of the modes to the amplitudes k and k of their oscillations during the in ationary phase before they \freeze", we recall that after the transition (3.11) all the modes, until the end of the in ationary era, behave like the k = 0 mode. They still do afterwards, until they have reentered the Hubble radius at least, as their evolution is governed by the k-independent equation (3.18) . Now the evolution equation for the homogeneous mode is (3.4) which has the rst integral (3.5) . To obtain the ampli cation factor, we therefore evaluate , rst in the in ationary era, when k tends to the constant (3. where~ is given by (3.13). In short then, the modes k of the perturbations of the gravitational potential (in the longitudinal gauge) rst oscillate in the in ationary era according to (3.7) (3.9), stop oscillating and decrease as 1=t when they cross the Hubble radius (at a time given by (3.10)), tend, after the transition time (3.11) , to the constant (3.12), are ampli ed at the end of in ation and then remain constant (equation (3.19) ) until they reenter the Hubble radius; their nal amplitude is related to the amplitude of their oscillations during the in ationary stage by (3.22) .
As for the evolution of the modes k of the density contrast (in the comoving gauge), it follows from (3.6). Thus, in the late stage, when k is given by ( 
Quantization of the perturbations
The quickest route to the classical equations of motion (3.1) (3.2) for the perturbations , and is to linearize Einstein's equations around the background (2.1) (2.2) (Ref. 18 ). Alternatively these can be derived from the expansion of the action (1.4) to quadratic order in , and (Ref. 30 ). This alternative route to the equations of motion is compulsory when the system is to be quantized. Indeed quantization cannot be based on the equations of motion (3.1) (3.2) alone: an action is needed, to de ne the conjugate momenta. In the case at hand, using the constraints (3.1) to eliminate two of the three variables, the action for the only true dynamical degree of freedom can be written as: Because its action can be cast into the familiar form (4.1), the gauge invariant perturbation v can be interpreted as a scalar eld with a time dependent mass (M 2 ?z 00 =z)
propagating on Minkowski space-time.
Finally we choose the state of the system to be the vacuum state j 0> de ned byâ~k j 0>= 0 8k together with the requirement: (4:13) >From the classical analysis of the evolution of the perturbations we know on one hand that in the late stage k is given by (3.23) . On the other hand quantization has determined the initial amplitudes of the modes k and k , which are given by (4.11). Therefore the power spectrum (4.13) is known. The average value of the uctuation on a given comoving scale = 1=k is then de ned as: If we introduce the physical scale phys a(t now ) and compute a(t now ) using the constancy of aT, T being the temperature of the background radiation, we obtain, given that in ation ends at a time given by (2.7) and that a(t) grows according to (2. The spectrum (4.16) (4.17) is our main result and agrees in order of magnitude with the more heuristic analyses of Ref. 19-20, . Whether or not this slight increase of power in the large range could account for the very large structures observed in the universe is beyond the scope of this work.
